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Abstract

The cluster synchronization of a star-like complex network which consists
of N nodes coupled with a common environment is discussed. By using the
matrix theory and the Lyapunov function approach, a sufficient condition about
the existence and asymptotic stability of a cluster synchronization invariant
manifold is derived. The effectiveness of the sufficient condition is illustrated
by two examples. In addition, the two examples also show that, in the star-like
complex network in which the individual node is chaotic (or non-chaotic), the
dynamics of some nodes in the cluster synchronization invariant manifold can
be non-chaotic (or chaotic).

PACS numbers: 05.45.Xt, 05.45.Vx
Mathematics Subject Classification: 34C28, 93C10

1. Introduction

Synchronization phenomena have attracted increasing attention from various fields of science
and engineering today. Many types of synchronization [1-14] have been introduced
and researched: complete or identical synchronization, phase synchronization, cluster
synchronization and so on. Recently, the propensity for synchronization has been studied
in a complex network with directed and weighted links [4, 5]. In addition, an effective method
to determine some possible states of cluster synchronization and to ensure their stability
is presented for a given nearest-neighborhood network with zero-flux or periodic boundary
conditions in [15, 16]. Moreover, a new general method to determine the stability of complete
synchronization in networks with different topologies is proposed in [17]. This method
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combines the Lyapunov function approach with the graph theoretical reasoning. Based on[17],
a novel method [12], which constructs a coupling scheme with cooperative and competitive
weight couplings, is used to stabilize arbitrarily selected cluster synchronization patterns with
several clusters for connected chaotic networks. In these studies, the master stability function
analysis [7] is used to derive a sort of local stability criterion, which is a necessary condition
of synchronization; the Lyapunov function approach is used to derive a sort of global stability
criterion, which is a sufficient condition of synchronization.

Particularly, cluster synchronization is considered to be significant in communication
engineering [13] and biological sciences [14], for example, clustering in the networks consist
of coupled cells or functional units which have a complicated nonlinear behavior. Cluster
synchronization in networks is observed when the network of oscillators splits into subgroups,
called clusters, such that the oscillators within one cluster in synchrony move but the motion
of different clusters is not synchronized at all. That is to say, the N nodes in a network split into
n clusters, such that tllglo lz; (t, x0) — x;(t, Xo)|| = O holds for the states x; (¢, Xo), x, (¢, Xo)
corresponding to arbitrary node indices i, j in the same cluster and arbitrary initial states
xg = (x1(0), ..., zy(0)) but for arbitrary nodes indices k, [ in any two distinct clusters, there
exist yo = (y1(0), ..., yy(0)) such that ;lggo |z (2, yo) — @ (2, Yo) || # 0 holds for the states

(¢, yo) and x; (¢, yo). When the number of clusters is 1, cluster synchronization turns into
complete synchronization.

Up till now, many studies [15-22] about complete synchronization and cluster
synchronization focus on the network consisting of linearly coupled identical systems

N
:i:i:_f(a:,-)+62c,~j(t)ij, i=1,...,N, 1)

j=1
where xz; = (:cll, A :cl’-”)T is the m-dimensional state variable of the ith node and N is

the total number of nodes. The nonzero elements of the m x m matrix P determine
the coupling components among the states of nodes. Usually, for simpleness and clarity,
P = diag(pi, p2, ..., pm), where py, > O0forh=1,...,sand p, =0forh=s+1,...,m.
€ > 0 is the coupling strength. The coupled matrix C = (c;;(¢)) isa N x N real symmetric
matrix reflecting the network topology. In the studies, C is always diffusive (i.e., the sum of
all elements in each row is equal to zero), and usually, C is a constant matrix. Itis well known
that a diffusively coupled matrix has an eigenvalue 0. In an appropriate network topology
[12, 15, 22] with diffusive couplings, the eigenvalue 0 of the matrix C can be associated with

an eigenvector (1, 1,..., DT or associated with n eigenvectors & = (ay;, ..., ani)T, where
o € R™,
(1,1,..., 1), if k=i
oy = .
ki 0,0,...,0), otherwise,
then M* ={zy =z, =--- =zxylor{zy =22 =+ = Lnys e vos Tmppteotm,_+1 = 00 = xzy}
is an invariant manifold of network (1). Here, the network dynamics in the invariant manifold
M*is (&) = f(z). 21 = xp = -+ = oy} O {EZw, = f(@w). T = @ = -+ =
L, } X {fbmﬁmz = f(wm]+mz)a LT+l = =0 = wm1+m2} XX {w.N = f(wN)» Loy teetmy_ 41 =

.= :cN}, and obviously, unrelated to the coupling strength €. If the invariant manifold is
asymptotically stable under some conditions, network (1) realizes complete synchronization
or cluster synchronization.

In this paper, we consider the star-like complex network

d?,‘=f(a)i)+€(—CiP€E,‘+'U,(l)(l‘),€1)1,...,(17[\])), i=1,...,N, 2)
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Figure 1. A star network with a hub node.
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Figure 2. A star network with two hub nodes.

where x; is the m-dimensional state variable of the ith node and N is the total number of nodes.
The nonzero elements of the m x m matrix P determine the self-coupling components in the
states of nodes. Both f(e) and u(e) are vector functions. € > 0 is the coupling strength

parameter.
For network (2), &; = f(x;) describes the dynamics of the individual node. w(e) can
be regarded as an environment state variable which depends on the node states x, ..., Ty

and other influence factor v(#), and then the state variables of any two nodes are indirectly
interacted with each other by a common environment state variable u(e). Therefore,
network (2) is a star-like network in which u(e) is the state variable of the hub node.
€(—c;Px; + u(v(t), 1, ..., xy)) indicates the influences of both the state of the ith node
and the environment state on the dynamics of the ith node under coupling actions. It is
reasonable that, to a common environment, the response coefficient ¢; may be the same as or
different from the response coefficient c;.

Many networks can be described as network (2). For example, all cells in a tissue form
a cell network. In the cell network, the dynamics of any individual cell obeys the same laws;
all cells interact with a common environment which depends not only on the cells but also on
the other influence factors. In the environment, the response coefficient of the ith cell may be
the same as or different from the response coefficient of the jth cell. Network (9) in [23] is a
special case of network (2).

Obviously, when u(e) = Pu(xy, ..., xy), Where ui(xy, ..., xy) is a linear function
about xj,...,xy, network (2) is a special case of network (1). Particularly, when
ui(xy, ..., xy) 1S ], T + T2 Or | + T3 + - -+ + xy, the corresponding network is a star

network with a hub node and unidirectional couplings, a star network with two hub nodes
and asymmetrical couplings or a globally coupled network (see figures 1-3 when N = 5). In
addition, u(e) can be nonlinear also.
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Figure 3. A globally coupled network.

2. Cluster synchronization in the star-like network

First, we give the following hypothesis.

Hypothesis 1. Assume that f(e) satisfies f(x;) — f(x;) = Ay, o, (x; — ;) for a bounded
matrix Ag, ., with elements depending on x; and ;.

Apparently, if f(e) satisfies the Lipschitz condition, then hypothesis 1 holds. Note
that many neural networks and chaotic dynamical systems, such as Chua’s circuit, satisfy
hypothesis 1.

Among ¢;,i = 1,..., N, there may exist i and j such that ¢; = ¢;. Accordingly,
without loss of generality, we assume ¢} = ¢y = -+ = Cpy» - - - » Cinytmgtetmy_1+41 = -+ = CN-
Therefore, M* = {xy =+ = Ty, ..., Tyysotm, 41 = -+ = Ty} is an invariant manifold
of network (2). Let ¢;; = x; — ;. By (2), for all i, j which satisfy ¢; = c;, we have

éij = f(x;) — f(x;) —€c;Pejj = (Am,-,mj - €CiP)eij- 3)
Using the Lyapunov function approach, we obtain the following.
Theorem 1. Under hypothesis I, if c; = ¢ = -+ = Cpys -« oy Copytmpbotm, 41 = *+° = CN
and if there exists a positive definite symmetric matrix Q such that
T
(Aml,g”2 — ec,-P) 0+ Q(Aml,mz — ec,-P) <0 @)

holds for arbitrary i, x|, x,, then the invariant manifold M* of network (2) is asymptotically
stable.

Proof. Using (4), for arbitrary i, j,

(Awye, —€iP)' Q + Q(Ag,0, — €ciP) < 0 )
holds. Choose the Lyapunov function of the form

V = Z 61-7;- Qe;j.
Then, by (5), its time derivative with respect to (3) is

V=Y e[(An., —€ciP) Q+ Q(Aq,0, — €ci P)]ei; <.

Based on the Lyapunov stability theory, (3) is asymptotically stable about zero, i.e., the
invariant manifold M* of network (2) is asymptotically stable. This completes the proof of
theorem 1. O

Specially, when Q is an identity matrix /, we have the following.
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Corollary 2. Under hypothesis 1, if c; = ¢2 =+ = Cimys - -+ » Conysmytotmy_+41 = ==+ = CN
and if
(Agl,mz + Aml,mz) - 6Ci(PT +P)<0 (6)

holds for all i, x|, x,, then the invariant manifold M* of network (2) is asymptotically stable.

Remark 1. By theorem 1 and corollary 2, itis easy to see that the matrix P can be non-diagonal,
even asymmetrical.

Remark 2. Based on the linear algebra theory, if every ¢; > 0 and P7 + P is positive definite,
then there is € such that (6) holds for € > €.

Remark 3. In the diffusively coupling network (1), the dynamics of the nodes in the invariant
manifold M* is unrelated to the coupling strength € and the coupling matrix C reflecting the
network topology, and then the uncoupled dynamics describe the synchronized state. However,
in network (2), the dynamics of the nodes in the invariant manifold M* can depend on the
coupling strength € and the environment state variable u(e). Generally speaking, it is very
complicated. Here, the uncoupled state does not describe the synchronized dynamics and
stable clusters are selected for using the ¢; terms.

If the conditions in theorem 1 hold, the N nodes in network (2) split into n clusters
and the sets of subscripts of the n clusters are G; = {1,2,...,m},..., G, = {m +--- +
my_1+1,..., N}, where N = m; + mp +--- +m,. The oscillators within one cluster in
perfect synchrony move. Generally, the motion of different clusters is not synchronized.
Therefore, cluster synchronization is achieved and the cluster synchronization threshold is
related to the response coefficient ¢; rather than unrelated to the environment state variable
u(e). However, when an invariant submanifold in the invariant manifold M* is asymptotically
stable, the motion of two different clusters may be synchronized, i.e., two different clusters
may incorporate a bigger cluster. It is indicated by the following examples.

3. Two examples

In [23], a special case of network (2) (¢; = c¢; for any i and j, u(e) depends on all x;) is
investigated. Here, two special examples, in which u(e) only depends on x|, are used to
illustrate theorem 1 and corollary 2. In example 1, u(e) is linear; but in example 2, u(e) is
nonlinear.

Example 1. We consider network (2) which is consisted of N coupled Chua’s circuits (N = 4).
The individual Chua’s circuit [24] is described by

X =a(y —x; — g(x)), Vi =Xi = Yi+Zi,
. . (N
Zi:—ﬁyi, l:1,...,5,

where « > 0, 8 > 0 are parameters, g(x;) = bx;+%(a—b)(|xi+l|—|xi—l|) witha < b < 0.
When c; =c; = 1,¢3 = ¢4 = 1.1, u(e) = (0.99x1, 0.99y;, 0.99z)7 and P = diag(1, 1, 1),
network (2) reads

X =a(y; —x; —g(xi)) +0.99¢x; — ciex;,

Vi =xi —yi+2; +0.99€y, — ciey;, (®)

z;i = —Byi +0.99¢z; — ciez;, i=1,...,4.
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Figure 4. Chaotic attractor in the individual Chua’s circuit.

By a simple analysis, we obtain
8(xj) — g(xi) = Ly, x; (xj — xi),
where [y, ., depends on both x; and x;, and a < I, y;

jgb:
—a(l+l,y) o« O

Ay, = 1 -1 1
0 -8 0
Therefore,
—2(¥(1+lxi,x,-) — 2c;€ l+a 0
(A;xj +Ay.x) —€eci(PT+P) = l+a —2—2ce 1-p8
0 1—-8  —2ce€

Based on the well-known Gershgorin disk theorem [25] in the matrix theory, when
€>¢€ = max{—a(l +lx,.,xj) +|1+al/2,-1+|1=B|/2+|1 +«|/2,|1 — ﬂ|/2},

condition (6) holds. By corollary 2, the invariant manifold M* of network (8) is asymptotically
stable.

To check the theoretical results, we calculate numerically the errors

ej = 15{13]24{')6/ = xil, ly; = yils lzj — zil}
for coupled Chua’s circuits, with environment state variable u(e) = (0.99x;, 0.99y;, 0.99z, )7,
parameters « = 10, 8 = 15,a = —1.31,b = —0.75, ¢ = 11.6(>¢€p = 11.5) and the random
initial conditions (x;(0), ;(0), z;(0)) in the region (—1, 1) x (—1,1) x (-1, 1).

By the aid of Mathematica 4, we obtain figures 4-9. Figure 4 corresponds to the
chaotic attractor of Chua’s circuit when the coupling strength parameter € is equal to
zero. Figures 5 and 6 show the time evolution of (xi, y;, z;) and (x3, y3, Z3) in network
(8) (E = 11.6, u(o) = (0.99X1,0.99y1, 0.9921)T,C1 = () = 1,C3 = (4 = 1.1 and
P = diag(1, 1, 1)). In figures 7-9, the evolution of the errors e;; is illustrated. It is very
easy to see the errors ¢;; — 0 when ¢ — oo if 7 and j are the indices in the subscript set of a
cluster but the errors ¢;; + 0 when ¢t — oo if i and j are the indices in the subscript sets of
two different clusters. That is to say, the 2-cluster synchronization in network (8) is realized.

6
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Figure 6. The time evolution of (x3, 3, z3) in network (8).

€12

0.2 0.4 0.6 0.8 1 €

Figure 7. The time evolution of ej; when e = 11.6.

On second thoughts, we investigate the synchronization states of network (8) when
€ > 2000 and other conditions are retained. It is showed by some simple calculations that
network (8) has a globally asymptotic stable equilibrium (0, 0, 0, 0)”, where 0 = (0, 0, 0).
The state of any node (x;, y;, z;) approaches 0 when t — oo. Here, cluster synchronization
turns into complete synchronization. In figures 10-12, the evolution of the errors e¢;; is

7
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Figure 8. The time evolution of e34 when € = 11.6.
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1

0.8

10 20 30 40 50

Figure 9. The time evolution of e;3 when € = 11.6.

0.25
0.2
0.15
0.1

0.05

0.002 0.004 0.006 0.008 O.Olt

Figure 10. The time evolution of e, when € = 2000.

illustrated for ¢ = 2000 and the random initial conditions (x;(0), y;(0), z;(0)) in the region
(—=1,1) x (=1, 1) x (=1, 1). Itis very easy to see the errors ¢;; — 0 when t — oo0.

The example highlights that, in the star-like network (8) in which the individual node is
chaotic, the dynamics of the nodes in the invariant manifold M* can be chaotic or non-chaotic.
It depends on the coupling strength parameter € and the environment state variable u(e) and
the response parameter ¢;. In addition, two different clusters may incorporate a bigger cluster.

Example 2. We consider network (2) which is consisted of N coupled linear systems (N = 4).
The individual system is described by

X =100y — x;), Vi =28x; — yi,
)

Zi=_§Zi, i=1,...,4
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Figure 11. The time evolution of e34 when € = 2000.
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0.075
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0.025

Figure 12. The time evolution of e;3 when € = 2000.

€12

0.2 0.4 0.6 0.8 1

Figure 13. The time evolution of e¢j» when € = 19.

In network (2), P = diag(1,1,0),c; = ¢» = l,c3 = ¢4 = 1.1 and u(e) = (x1,y; —
1—19le1, %xlyl)T. Network (2) reads

% = 10(y; — x;) + €(—cixi + x1), Vi =28x; —yi +e(—c;yi +y1) — 1_196x1Z1’
Zi:_§Zi+l—196x1y1, i=1,...,4 (10)
Because
-10 10 O
Ay, =28 -1 0],
o o -
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Figure 14. The time evolution of e34 when € = 19.

€13

10 20 30 40 50

Figure 15. The time evolution of ¢;3 when € = 19.

Figure 16. The time evolution of (x1, y;, z1) in network (10).

hypothesis 1 holds. Based on the Gershgorin disk theorem [25], condition (6) holds when
€ > 18. By corollary 2, the invariant manifold M* of network (10) is asymptotically stable.

By the aid of Mathematica 4, when € = 19, we obtain figures 13—15 for the random initial
conditions (x;(0), y;(0), z;(0)) in the region (0, 10) x (0, 10) x (0, 10). Figures 16 and 17
show the time evolution of (xi, y1, z1) and (x3, y3, z3) in network (10). In figures 13—15, the
evolution of the errors ¢;; is illustrated. It is very easy to see that, when t — oo, the errors

10



J. Phys. A: Math. Theor. 41 (2008) 155101 ZMaetal

2
Y3 9

10

Figure 17. The time evolution of (x3, y3, z3) in network (10).

e;» — 0 and es4 — O but the error ej3 - 0. That is to say, the 2-cluster synchronization in
network (10) is realized. The effectiveness of the theoretic results is illustrated.

Apparently, when € = 19, the dynamical equation of the first node in network (10) is
the Lorenz system. The example highlights that, in the star-like network (2) in which the
individual node is non-chaotic, the dynamics of some nodes in the invariant manifold M* can
be chaotic. Usually, this phenomenon is said to be emergence.

4. Conclusion

In this paper, we investigate the cluster synchronization of a star-like network which is
consisted of N nodes coupled with a common environment. By the use of the matrix theory
and the Lyapunov function approach, a sufficient condition about the existence and stability
of a cluster synchronization invariant manifold M* is obtained. In some cases, an invariant
submanifold in the cluster synchronization invariant manifold may be stable. That is to say,
two different clusters may incorporate a bigger cluster. Whereas in usual synchronization
theory the uncoupled dynamics describe the synchronized state; here the uncoupled state does
not describe the synchronized dynamics, which depends on the coupling strength parameter,
and stable clusters are selected for using the ¢; terms. Then, the effectiveness of our theoretic
results is illustrated by two examples. The first example shows that, in the star-like network
(2) in which the individual node is chaotic, the dynamics of the nodes in the invariant manifold
M* can be chaotic or non-chaotic. The second example highlights that, in the star-like network
(2) in which the individual node is non-chaotic, some nodes in the invariant manifold M* can
emerge chaotic dynamics.
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